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Abstract 

A new version of the geometry inside a black hole is proposed, on 
the grounds of an idea given by Doran et al. The spacetime is still time 
dependent and is a solution of Einstein's equations with a stress tensor cor- 
responding to an anisotropic fluid. The model leads to a time-dependent 
cosmological constant. 

The energy density of the fluid is proportional to 1/i 2 , as in many dark 
energy models but the Brown - York quasilocal energy of the black hole 
equals its mass m. 

Keywords : anisotropic fluid, time dependent cosmological constant, 
quasilocal energy, dark energy. 

1 INTRODUCTION 

The exterior solution of the Schwarzschild black hole was extensively studied in 
the last decades. Its fundamental role is related to the phenomenon of gravita- 
tional collapse, black hole evaporation, event horizons, spacetime singularities. 

Unlike the exterior geometry, the interior of a black hole is hidden behind 
the event horizon. As Brehme [T] has remarked since 1977, the fascinating 
picture of the interior of the black hole, although very strange, is nevertheless 
understandable and imaginable. The external spatial and temporal coordinates 
exchange their character when the event horizon is crossed, the interior solution 
representing a non static spacetime, with time dependent metric coeficients [3J. 

Brehme observed that, viewed from inside the horizon, the "point source" 
is rather an " instant source" . The mass m of the black hole appears only at 
the moment t — 0, vanishing for all later moments. Therefore, the universe for 
r < 2m ( of Kantowski - Sachs form) 

ds ? = _ ( 2m _ irl ^ 2 + ( 2m _ ^ + ^ 2 ^ 



is established by an initial condition rather than by a boundary condition in 
space p] . dfl 2 stands for the unit 2-sphere line element and z - the spatial coor- 
dinate, which no longer represents a radial coordinate inside the black hole [2]. 
In addition, the equation of motion of an object which is initially at rest with 
respect to the z - coordinate remains at rest, as for an inertial observer in flat 
space. 



2 THE ANISOTROPIC STRESS TENSOR 



Doran et al. [5] studied an interesting case, in the spirit of gravastars models [3 
0] H] [6] for collapsing objects. They considered a time-dependent mass m(t) in 
eq. (1.1), case in which the metric is no longer a solution of the vacuum Einstein 
equations. The authors of |2J noted that the spacetime acquires an instantaneous 
Minkowski form for m(t) = t, although the curvature is nonvanishing, with a 
singularity at t = 0. 

It is just the case that will be analysed in this paper. 

The line element (1.1) becomes now 



ds 2 



-dt 2 + dz 2 



t 2 dQ 2 



(2.1) 



As far as a test particle moves along the z - axis, the geometry is Minkowskian. 
Otherwise, the metric is time dependent. 

The Einstein tensor G 1 ^ has been computed for an arbitrary time-dependent 
mass m(t) by Doran et al. They found that 



r t _ 2 dm _ r z 
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* t 2 dt 

(we use the conventions G = c 
d v Y v a p — ...). The spacetime 



Gl = Gl = 



t dt 2 



(2.2) 



1 and the Ricci tensor is given by R a p 
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~2m(t) " 
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dt 2 + 


~2m(t) " 
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dz 2 + t 2 dn 2 



(2.3) 



is a solution of Einstein's equations if the interior of the black hole is considered 
to be filled with an anisotropic fluid [S] [5] for which p = —p, as could be seen 
from (2.2) (p is the energy density and p - the pressure along the z-direction). 

Much in the spirit of [8] [9], we consider the spacetime (2.1) is filled with a 
locally anisotropic fluid with 



PVnV +ps fl s 



(2.4) 



where t]^ — (1,0,0,0) is the anisotropic fluid four velocity (the components 
arc in the order t,z,6,(f>), s M = (0,1,0,0) is the unit spacelike vector in the 
direction of anisotropy [TO] (with r] a r] a = —1, s a s a = 1 and s a i] a = 0). Hence, 



2 



we have only one principal stress p and the transverse pressures measured in 
the ortogonal direction to are vanishing. 

T£ from (2.4) may be put on the r.h.s. of Einstein's equations, with p = 
-p (or T\ = -T*) and T e e = T$ = (that is in accordance with G e g = G\ = 
when d 2 m/dt 2 — 0, as is the case for the spacetime (2.1)). 

Therefore, the particular case m(t) = t shows that the metric (2.1) is a 
solution of Einstein's equations with 

3 GEODESICS 

Let us study now the geodesies in the spacetime (2.1). Instead of using the 
standard equations for geodesies, we start with the Lagrangean 

1 dx a dx p . , 

L = 2^^r^r (3 - 1} 

where A is an affine parameter along the trajectory. 

a) Timelike geodesies 

From the line element (2.1) we have, with = tt/2, 

P - z 2 - t 2 4> 2 = 1 (3.2) 
and from the Eulcr - Lagrange equations 

^ = ^Pz, d ^=t 2 ^L (3.3) 

where an overdot denotes the derivative with respect to the proper time r and 
the conserved quantities p z and L may be interpreted as a momentum along 
the z-direction per unit mass and the angular momentum per unit mass, respec- 
tively. We note that there is no a conserved energy due to the time dependence 
of the metric (we do not have a timelike Killing vector). Combining (3.2) with 
(3.3) one obtains 

z (t) = ±E±^/t 2 + a 2 (3.4) 
hi 



where E = •v/T-Fpf plays the role of an energy and a = L/E. We have chosen 
z(0) = ±p z L/E 2 as initial condition. We stress that the coordinate z cannot be 
considered as a radial coordinate inside the black hole (in fact — oo < z < oo). 
Moreover, a particle at rest (p z = 0) remains always at rest even though the 
gravitational field is nonvanishing (the scalar curvature [3] 

4 dm 2 d 2 m 
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becomes i?" = 4/t 2 in our case). 

For the hyperbolic motion (3.4), the asymptotic velocity is less than unity 

!T |oo = T <L (3 ' 6) 

We see that, for t >> a, the function z(t) is linear, like in the flat space. We 
may write a = L / 'E = bp z /E where b = L/p z represents the impact parameter 
of the particle. 

Since the test particle has unit mass, p z is its velocity v. For v « 1, the 
condition for a to be negligible with respect to t is t >> bv. For example, for 
a test particle with v = 10 3 cm/s and b = 100 cm, a w 10~ 16 s. Even for an 
elementary particle with v = 10 8 cra/s and b = 10 10 m, a w 0.1 s. Therefore, 
we reach at the conclusion that the deviation of the trajectory z(i) from the flat 
space case is efficient only for very short time intervals. That is in accordance 
with a negligible scalar curvature for long time intervals. 

As far as <fi(t) is concerned, we have 

(3.7) 



dt tVt 2 + a 2 

The previous equation shows that the time variation of cf)(t) is important only 
for very short time intervals. Note that, for t >> a, d<fi/dt behaves like a/t 2 . 
On the contrary, dz/dt is ±(p z /E)[l — (a 2 /2t 2 }, containing a constant term. 
Therefore, in the case t >> a, the trajectory of the test particle is, practically, 
along the z - axis, with no angular component. In addition, (3.7) leads to 



m = T l In ^!±g + a (3.8) 

The fact that <j>(i) tends to minus infinity for t << a is not surprising inside 
a black hole. Peixoto and Katanaev [7] showed that the maximally extended 
BTZ solution coincides with Minkowski spacetime without any singularity and 
horizon for infinite range of the angle coordinate <f>. 

b) Null geodesies 

Let us compute now the geodesies z(t) for a massless test particle. From (3.3) 
and the fact that 

i 2 - z 2 - t 2 <j> 2 = (3.9) 
we obtain, for the projection of the geodesic on the z - axis 

z(t) = ±^t 2 + b 2 (3.10) 

with z(0) = b as initial condition. 

The trajectory is again a hyperbola but now the asymptotic velocity is unity, 
as it should be. It is worth to note that 1/6 plays the role of the particle (rest- 
system) acceleration. The null geodesies 0(i) could be obtained from 

d 4 = -±L= (3.11) 

dt tVt 2 + b 2 V ' 
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with a singularity at t = 0. When b = 0, <j> = const., as it should be. From 
(3.11) one obtains 

4 THE COSMOLOGICAL CONSTANT 

It is interesting to evaluate the time dependent cosmological constant A(t) 
according to the prescription given in [llj . for the spacetime (2.1). 

The Gaussian curvature of the two - surface £, t = to, z = zq, is given by 

' ' (4-1) 



(7 

where a is the determinant of the metric 

da 2 = tl(d6 2 + sin 2 9d(f> 2 ) (4.2) 
and Rg^gtjj — t\sin 2 Q. Hence 

* = A(i) = i|*=t (4.3) 

We observe that (4.3) gives the same expression for the cosmological constant 
as that obtained in [11] for the Minkowski spacetime and, in a cosmological 
context, by Bertolami [T^ in a Brans - Dicke theory with a time - dependent 
scalar field. On the other hand, the previous form of A(t) is compatible with 
(2.5), where p(t) plays the role of a cosmological constant. 

A similar expression for the energy density was obtained recently by Mazi- 
ashvili [13j who noticed that the existence of time t fluctuating with the ampli- 
tude St implies the existence of energy (St) -1 which is distributed uniformly 
over the volume t 3 . From here, Maziashvili concluded that the background 
energy density of the universe (the dark energy) should be 

1 



pC "W (4 ' 4) 



which is nothing else but p(t) from (2.5) (tp is the Planck time). 

Even though the geometry (2.1) is nonstatic, let us compute formally the 
Brown - York quasilocal energy [14j inside the surface X 

W=^- I Ky^d 2 x (4.5) 

where K is the trace of the extrinsic curvature of E. A simple calculation gives 
K = 2/t and, therefore, 

W = — [ — t% sin9 d9 d<f> = t (4.6) 
8tt J s to 

namely, W — m(to). In other words, the energy of the black hole interior, at 
the time to, equals its mass m(to). With all fundamental constants, it becomes 
W=(c 5 /G) t (see also [TS]). 
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5 CONCLUSIONS 



A black hole interior spacetime filled with an anisotropic fluid is proposed. The 
radial pressure is negative but the tangential ones are vanishing. The energy 
density of the fluid is proportional to l/t 2 (t - an arbitrary time), as for many 
dark energy models. 

A time dependent cosmological constant is obtained, using a previous pre- 
scription in terms of the Gaussian curvature. The time dependent quasilocal 
energy of the black hole equals its mass m. 
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